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| nvestigate the effects of a finit rrelation-time noi n

L angevin equation.

Using Krommes symmetrization trick to get Galilean
lnvariance.

Equations and notation used here follow the paper

"Non-white noise and a multiple rate Markovian closure theories for turbulence”, by Gregory W.
Hammett and John C. Bowman. Submitted to Physics of Fluids, Feb. 2002, and available at
WWW.arxiv.org.

In particular, this maple script was used to check and produce some of the resultsin Section 3 on the
effects of finite-correlation-time noise on a Langevin equation, and to make the plots found there.

Note that some of the notation used hereis alittle bit different than in the paper. In particular, the
various rates are denoted by eta in the paper but by nu here.

rednoisek12 like rednoisek11, but with some additional plots for the paper.

rednoisek11 like rednoisek10, but using the direct solution instead of the iterative solution for
nu_eff(nu, nu_f)

> restart; kernelopts(version); interface(version); ssysten("date");
Maple 7.00, IBM INTEL LINUX, May 28 2001 Build ID 96223
Maple Worksheet Interface, Maple 7.00, IBM INTEL LINUX, May 28 2001 Build ID 96223

[0, "Tue Feb 12 12:29:25 GMT 2002\n"]
> # W are working with the Langevin equation of the follow ng form

diff(psi(t),t) = - nu * psi + conjugate(f);

2 B -
LU=+

> #
# where nu is the decay rate and conjugate(f) is the noise
(forcing) term
# Note that the conjugate(f) convention is being used, to nmake it
simlar to
# the practice in the D A/ EDONM RVC.
#
# Note that the danping rate is denoted by eta in the paper, but
by nu here.

> # Next is the 2-tinme correlation function for conplex argunents



that | found both by

# Fourier transform ng and integrating around the poles, and by
a | onger cal cul ation.

# Also note that | amusing the DI A convention that conjugate(f)
appears in the

# Langevin equation, so the resonance condition is
onega+onega_f =0.

> c2 .= proc(tau,nu,nu_f) ( (nu_f+conjugate(nu f))
/[ (conjugate(nu_f)-nu) *( exp(-nu*tau)
/ (nu+conj ugat e(nu))/ (nu+nu_f)

-exp(-conjugate(nu_f)*tau)/ (nu_f+conjugate(nu_f))/(conjugate(nu)+c
onjugate(nu_f)) ) ) end ;
c2:=proc(t, v, nu_f)
(nu_f + conjugate(nu_f)){exp(-vLT)/ ((v + conjugate(v)){v + nu_f))
— exp(—conjugate(nu_f)(T) / ((nu_f + conjugate(nu_f)){conjugate(v) + conjugate(nu_f)))) / (
conjugate(nu_f) —v)

| end proc
> c0 := proc(nu,nu_f) ( (nu + conjugate(nu)+nu_f+conjugate(nu_f))
/ (nu+conjugate(nu)) / (nu + nu_f) / conjugate(nu+nu_f)
) end ;

c0:=proc(v, nu_f)
(v + conjugate(v) + nu_f + conjugate(nu_f)) / ((v + conjugate(v)){v + nu_f)]
conjugate(v + nu_f))

| end proc
> c2(tau, nu,nu_f);

. (~v1) (—nu_f1)
(nu_f+nu_f) = - = %
v+v)(v+nuf) (nu_f+nuf)(v+nu_f)

L nu_f-v
r> normal (c2(0, nu,nu_f)); cO(nu, nu_f);

nu_f+nu f+v+v

(v +nu_f) (v +v) (v +nu_f)

nu f+nu f+v+v

L (v+v)(v+nu_f)(v+nuf)

> nuner (normal (c2(0,nu,nu_f))) - nunmer(cO(nu, nu_f));

L 0

> denom(normal (c2(0,nu,nu_f))) - expand(denom cO(nu,nu _f)));

—_— —_— _ =2 - — =

(W +nu f)(V+v) (v +nu f)=vZv-vZnu f-vnu fv-vnu fnu f-v v-vvnu f-v nuf

-vnu fnu f



r>simplify(9%;
C> c2(0, g+l *w, g f+l*w f);

(g_f+Iw_f+(g_f+Iw_f)) E

1 1
(g+lw+(@+lw))(@+lw+g f+Iw_f) _(g_f+|W_f+(g_f+|W_f))((g+IW)+(g_f+IW_f))E

/(@ f+Iw-g-Tw)
> eval c(9;

g+g.f 1 g+g_ f
g_f (9__9)% %
2

g((g+gfP+W+w D) 2g f((g+g N+ (w f-w)?)
(9_f-9)" + (~w_f-w)*

1
w+w f 2(ﬂMj_W)

1
2ot W ImWES g((g+gf)’+w+w ) ' g f((@+g f)°+(w f-w))

+ 2 2 *
(9_f-9)" +(—w_f-w)
f . % g+g f _1. g+gf E
) o g((g+g N*+w+w ) 2gf((g+g ) +(wf-w)?)
(g_f-9)* + (~w_f -w)?
1
29 f(g f- z wewf + E(_W_f_W)
, 9faf-9g; g((g+g N*+w+w)?) g f(g+gn’ +(wf-w)?
. (9_f~9)* + (~w_f-w)*
> sinplify(9;

g+g f
g@ +ngg+gf2+wf2+2wa+m1)
"> # This has a nice sinple form and shows c2(t=0) is purely real,
as it should be.
# Use this to redefine c2 so c2(tau=0)=1:

> c2 := proc(tau, nu, nu_f)
local g, g f, cO;
g: =Re(nu) ;

g_f:=Re(nu_f) ;

cO:=(1/g + /g f)/2/((g+tg_f)*2 + (ImM(nu)+lm(nu_f))"2);
1/ c0*1/ (conjugate(nu_f)-nu) *( exp(-nu*tau)
/ (nu+conj ugat e(nu))/ (nu+nu_f)

-exp(-conjugate(nu_f)*tau)/ (nu_f+conjugate(nu_f))/(conjugate(nu)+c




onjugate(nu_f) ) ) end ;
c2 :=proc(t, v, nu_f)

local g, g_f, cO;
g:=0(v);
g _f:=0(nu_f);

cO:=1/201/g+1/g )/ ((g+g fY'2+(0OV) + O(nu_f)y"2);

(exp(—vCx)/ ((v + conjugate(v)){v + nu_f))
— exp(—conjugate(nu_f)(T) / ((nu_f + conjugate(nu_f)){conjugate(v) + conjugate(nu_f)))
)/ (cO{conjugate(nu_f) —v))

| end proc
r> ¢2(0, nu, nu_f);
1
) ((O(v) +O(nu_{ f)) + (O(v) + O(nu_f)) )E(V +V) (v +nu_f) a (nu_f+nu_f) (;+nu_f)%

%](v) D(nu ) nf-v)
>c¢2(0,1,2); # verify that this rescaled c2 is 1 at tau=0

1
(> c2(0,2.0+3.0*I, 4.0+7.0*1);

1.000000000 — .9615384615 1070

ELZ 104I 3 1 I%(-lﬂ) %% 1 I%e(-z—n%
—_—— +— —_ —_——-—
5 15 6 13 2 26
> # recursive definition of nu eff with symmetrized wei ght
nu eff rec := proc(nu,nu_f, nu_eff)
( nu*conjugate(nu_f)*(nu+nu_f +
conj ugat e( nu) +conj ugate(nu_f))
+ conjugate(nu_eff) * (nu * conjugate(nu_f) -
nu_f*conjugate(nu)) )
[ ( (nu +conjugate(nu_eff)) * (nu + nu_f + conjugate(nu) +
conj ugate(nu_f))
+ (conjugate(nu_f)+conjugate(nu))*(nu_f+conjugate(nu_f)) )
end;
nu_eff_rec:=proc(v, nu_f, nu_eff)
(vCtonjugate(nu_f){v + conjugate(v) + nu_f + conjugate(nu_f))
+ conjugate(nu_eff){vtonjugate(nu_f) — nu_fltonjugate(v)))/ (
(v + conjugate(nu_eff)){v + conjugate(v) + nu_f + conjugate(nu_f))
+ (conjugate(nu_f) + conjugate(v)){nu_f + conjugate(nu_f)))

| end proc
> nu_eff_rec(nu,nu_f,nu_eff);

>c2(1,1-1,2-1);




v nu_f (nu_f+nu_f+v+v)+nu_eff (vnu_f-v nu_f)

(v+nu_eff)y(nu f+nu f+v +v)+(v+nu f) (nu_f+$_f)
> nu_eff rec(1.0, 0.2+5*1, 0.0);

2.064549714 — 2.732951588 |

it converges):
nu effc := proc(nu, nu_f)
| ocal nu eff, nu eff0O, error_rns, i;

RETURN(’ procname(nu, nu f)’); # if argunments aren’t
(compl ex) nunbers, return uneval uat ed.
fi;

nu_eff :=0.0; # Initial guess
for i from1l to 100 do
nu_effO := nu_eff; nu_ eff := evalf(nu_eff_rec(nu, nu_f,
nu_eff));
error_rns : = abs(nu_effO-nu_eff);
if (i >5and error_rns < 1.0e-8 ) then break fi;
od;
if(error_rms>1.0e-8) then print("Warning in nu_eff: error,
of iterations =",error_rmns, i); fi;
nu_eff

end;
nu_effc := proc(v, nu_f)
local nu_eff, nu_effO, error_rms; i;
if not (type(v, complexcons) and type(nu_f, complexcons)) then
RETURN(' procname(v, nu_f)')
end if;
nu_eff :=0,;
for i t0100 do
nu_effO := nu_eff;
nu_eff := evalf(nu_eff _reqv, nu_f, nu_eff));
error_rms:= abgnu_effO — nu_eff);
if 5<ianderror_rms<.10*10"(-7) then break end if
end do;
if .10¥10"(-7) <error_rmsthen
print("Warning in nu_eff: error, # of iterations =", error_rms, i)
end if;
nu_eff

| end proc
> # Direct evalution of nu_eff fromnu and nu_f:

> # A conplete definition of nu eff (which iterates internally till

if not (type(nu, conplexcons) and type(nu_f, conpl excons)) then

#



nu_effd := proc(nu, nu_f)
local g, w, g f, wf |,
g Re( nu) ;W | m( nu) ;
g_f Re(nu_f) ; wf | m(nu_f);
g eff :=
-1/ 2*(gh4+g_fr2*wr2+wN2* gh2+6* gnh2* g fr2+4*gnh3*g f+4*grg_f~3-2*g*g_
f*wr2+g fr4-4*grww f*g f+w fA2*¥g fr2+gr2*w fA2+2*gr2*wrw f-2*w f~
2xg frg+2rg fA2*wrw f-sqrt((g+g f)72%(gh6-2*w fA4*g f*g+wia* gh2+w
4% g fA2+2%w fA2% g fAA+4xg fAAxwrw f+4%g fA2*wh3*w f+6*wr2*w fA2%g
fr2+4*ww fA3*g _fr2-12*g*g _f*w fr2*w2-8*g*g f*w f*w3-8*g*g_f*ww
_fA3+2%5 grAr W fA2+4% gMAF WEW T +6% gh2% W f A2 WA 2+4% gh 2% w f *WhB+4* gh2* w
*w_fA3+2*¥ gh4rwr2+2* g_f rArwr2+gh2Fw f M+w fr4*g FA2+g FAB-2*wh4rgrg
_f-4*g _fr2*gr2*wr2+8*g*g_fr3*w'2+8*gn3*g_f*w'2+31*gn2*g_f "4+44*g"3
*g_fr3+8*w fr2*g f*gh3-4*w fr2*g fr2xgh2+8*w fr2*g_fA3*g+31*gnh4*g_
fr2-8*w f*g fr2xgr2*w+16*w f*g fA3*g*w16*g"3*g_f*w-w f+10*g"5*g_f
+10*g*g_f~5)))*(g+g_f)/ (gr4+g _fr2*w2+wr2* gh2+6*gh2*g fr2+4*g"3*Qg
f+4*g*g _f~3-2*g*g_f*w'2+g_f"4-4*g*ww f*g_f+w f’\2*g fr2+gh2*w f A2+
2*gnh2*rwrw f-2*w fr2*g fr*g+2*xg fr2*wrw )
w eff :=
-(g*rwg eff-g eff*w f*rg f+g"2*w f+g*w f*g eff+w f*g f*g-g*g f*wg_
fr2*wg f*wg eff)/(gnh2+g _fr2+2*g*g_f) ;
eval f (eval c(g_eff+l*w eff));
end ;

_eff, weff;

I Qe

nu_effd := proc(v, nu_f)
local g, w, g_f, w_f, g_eff, w_eff;
g:=0(v);
w = [(Vv);
g_f:=0(nu_f);
w_f :=O(nu_f),
g _eff :=-1/20gM +g_f20W"2 + w2lg"2 + 6[g"2[Yy 2 +4Cy"3[y f+4glg M3
- 20gy flw2 +g_ M - 4lgiviv_flg f+w_fA2Cg 2 + g"20w_fA2 + 2[g"20wCiv_f
- 20w 20 flg + 2[g_20nW_f —sgrt((g + g_fY'20(4tg™MOwiw_f — 20WwM gL f
+ 8Lyl M30W2 +40wliv_30g 2 + 8[w_fr2[y_flg"3 — 4020 20g"2
- 12y fiw_fA20wW~2 — 8Cgy_flv_fOw3 — 8Cgly_flwliv_fA3 — 80w_flg_ 2Ly 2l
+160w_flg 3Lyl + 16[g"3Cg_flwlw_f+g"6 +g_f"6 — 20w_fMILY g
+6[g"20w_fA20W 2 + 4020w fOW3 + 40" 20wiw_fA3 + 8[g"3[Yy_flv"2
+80_f2Cg 3L +wMlg2 + wMly A2 + g2l +w_ Mg 2
+20w_20g M4+ 20gM0n_ A2 + 20gMO2 + 2[g_M40W2 + 310920y ™4
+44[y"30g_"3 + 31Lg™MLy_f2 + 10Ly"5LY_f + 100gly_f5 + 60w 20_f2[g 2
+ 4 2030w _f + 40y fMOWOw_f —40g fA20g"20W2))) g +g_f)/ (g™
+g_f20W"\2 + w22 + 6[g" 2Ly A2 +4Cy"3[y f+4lgly M3 -20gly flw2



+g_fM - 4Dgiwiv_ g f+w_fA20g 72 + g2l A2 + 20y 20wivf — 20w 20 g
+2[g_20nv0w f);

w_eff := —(glwly_eff —g_effCiv_fg_f+ g2l f+glv flg eff +w g flg—glg flv
—-g_f"20w —g_flwly_eff)/ (g"2 +g_"2 + 2[gLy f);

evaf(evalc(g_eff + 10W_eff))

| end proc
> nu_effd(1l, 4+10*1); nu_effc(l, 4+10*1);

1.300884281 — .438938864 |

1.300884279 - .4389388620 |
> nu effd(1,1); nu effc(l,1);

414213562

4142135621
> nu_effd(1,1+16*1); nu_effc(1l, 1+16*1);

7.124038405 - 8. |

7.124038406 — 7.999999971 |
> nu_effd(1, 1+50*1); nu_effc(1, 1+50*1);

24.03996805 — 25. |
"Warning in nu_eff: error, # of iterations =", .001354631653, 101

24.03994978 — 24.98372051 |
r>tau_eff := proc(nu,nu_f) 1/nu_effd(nu,nu_f) end ;
L tau_eff := proc(v, nu_f) 1/ nu_effd(v, nu_f) end proc
r>tau_eff(1.0,1. 0+);
| 1.000000000 + 1.000000000 |
> # O der, nore conplex definition of tau_eff.

tau_effa := proc(nu, nu_f)
local g, g f, cO;
g: =Re(nu) ;

g_f:=Re(nu_f) ;
c0:=(1/g + 1/g f)/2/((g+g f)*2 + (ImMnu)-Imnu_f))"2);
1/c0*1/ (nu_f-nu) *( 1/nu/(nu+conjugate(nu))/(nu+conjugate(nu_f))
-1/ nu_f/(nu_f+conjugate(nu_f))/(conjugate(nu)+nu_f) ) end ;
tau_effa := proc(v, nu_f)
local g, g_f, c0;
g:=0(v);
g f:=0(nu_f);
cO:=1/201/g+1/g )/ ((g+g fY'2+(0V) - Onu_f)y2);
(1 / (vQv + conjugate(v)){v + conjugate(nu_f)))
=1/ (nu_fC{nu_f + conjugate(nu_f)){conjugate(v) + nu_f))) / (cO{nu_f —v))

| end proc
(> # A der, nore conplex, definition of tau eff, now including




Gal il ean invariance.
# Perhaps the best fit?
tau effg := proc(nu, nu_f)
local g, g f, c0, w, dw, tau eff;
w = I nmnu);
dw := Im(nu_f)-Imnu);
g: =Re(nu) ;
g f:=Re(nu_f) ;
cO:=(1/g + /g f)/2/((g+tg_f)"2 + (dw)"2);
tau eff := 1/c0*1/(g_f-g+l*dw)/2*( 1/9g/ g/ (g+g _f-1*dw

-1/g_f/(g_f+l*dw)/ (g+g_f+l*dw) );
# That is tau_eff in the w=0 frame. Now correct it:
tau eff := 1/(1/tau_eff + I*w);
# print("cO, tau eff =", c0, tau eff);
tau_eff
end ;

tau_effg := proc(v, nu_f)
local g, g _f, cO, w, dw, tau_eff;
w = [(v);
dw := O(nu_f) - O(v);
g:=0(v);
g _f:=0(nu_f);
c0:=1/201/g+1/9g_f)/ ((g+g_fy'2 +dwr2),
tau eff:=1/21/(g"20g +g_f—I1C0w)) -1/ (g_f{g_f + ICdw){g + g_f + 1Cdw))) / (cOO

(9_f-g+Ibw));
tau eff :=1/(1/tau_eff + ICWw);
tau_eff

L end proc
> # Try a redefinition of the sinple version of tau_eff to handle
t he weak-turbul ence problem
# but further nodified to handle a kind of Galilean invariance:
tau eff wt := proc(nu, nu_f)

| ocal w, nu_eff;

w:=1mhnu);

nu_eff := wl+1/(1/Re(nu) + 1/ (nu_f-wl)) ;

# print("w, nu_eff =", w, nu_eff);

1/ nu_eff
end;

tau_eff wt := proc(v, nu_f)
local w, nu_eff;
w:=0(v); nu_eff :=10v+1/(1/0O(v)+ 21/ (nu_f-10W)); 1/ nu_eff
| end proc




> # 1/tau_eff(g+l*w,g f+Hl*w f); # In this case, it is 1l/tau_eff

whi ch has a sinpler form
> # evalc(9;

> # simplify(%; # Thus 1l/tau_eff is fairly sinple in this case,

t hough tau_eff | ooks nore conpli cat ed,
# if evalc is used in its evaluation:

> # simplify(1/%;
> # sinmplify(expand(evalc(%));
>nu:.=1; nu_f := 4
> nu_eff := 1/tau_eff(nu, nu_f);
>pl := plot(Re(c2(tau,nu,nu_f)), t au=0. .
col or=red):
p2 = plot(lmc2(tau,nu,nu_f)), t au=0. .
col or=green):
plb : = plot(Re(exp(-tau*nu_eff)), tau=0..
color=red, linestyle=3):
p2b := plot(lnmexp(-tau*nu_eff)), tau=0..
col or=green, |inestyle=3):
plc := plot(Re(exp(-tau*nu)), t au=0. .
col or=bl ack, linestyle=2):
p2c := plot (I mMexp(-tau*nu)), t au=0. .
col or=blue, |inestyle=2):
> plots[display] ({pl, p2, plc, p2c, plb, p2b});
vi=1
nuf:=4

nu_eff :=.7015621181

‘“C(tau)‘=-1..
‘“C(tau)‘=-1..
‘C(tau)‘=-1..
‘“C(tau)‘=-1..
‘“C(tau)‘=-1..
‘C(tau)‘=-1..



C(tau)

0.2 tau
—0.4
—0.6

—0.8

T> nu: =1 ; nu_f := 1.000001;

> nu_eff := evalf(1/tau_eff(nu,nu_f));

>pl = plot(Re(c2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1
col or=red):
p2 := plot(ImMc2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1

col or =green) :
plb := plot(Re(exp(-tau*nu_eff)), tau=0..5, ‘C(tau)'=-1..1

color=red, |inestyle=3):

p2b := plot(lImexp(-tau*nu_eff)), tau=0..5, ‘C(tau)'=-1..1
col or=green, linestyle=3):

plc : = plot(Re(exp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..1

col or =bl ack, |inestyle=2):




p2c := plot(lmexp(-tau*nu)),
col or=bl ue, |inestyle=2):

t au=0. . 5,

> pl ot s[display]({pl, p2, plc, p2c, plb, p2b});

vi=1

nu_f :=1.000001
nu_eff :=.4142137694 - 0. |

C(tau)

‘C(tau)‘=-1..1

—0.2-
—0.4 -
—0.6

—0.8

[>nu:=1; nu_f := 0.25;
> nu_eff := 1/tau_eff(nu, nu_f);
> pl = plot(Re(c2(tau, nu,nu_f)),
col or=red):

p2 plot(lmc2(tau,nu,nu_f)),

tau

tau=0. . 15,

t au=0. . 15,

‘C(tau)‘=-1..1

‘C(tau)‘=-1..1



col or=green):
plb : = plot(Re(exp(-tau*nu_eff)), tau=0..15, ‘C(tau)’=-1..

color=red, linestyle=3):

p2b := plot(Imexp(-tau*nu_eff)), tau=0..15, ‘C(tau)‘=-1..
col or=green, |inestyle=3):

plc := plot(Re(exp(-tau*nu)), tau=0..15, ‘C(tau)‘=-1..
col or=bl ack, linestyle=2):

p2c := plot(lmexp(-tau*nu)), tau=0..15, ‘C(tau)‘=-1..
col or=bl ue, linestyle=2):

> pl ot s[display] ({pl, p2, plc, p2c, plb, p2b});
vi=1
nu_f:=.25

nu_eff :=.1753905298 - 0. |



C(tau)

—0.2- tau
—0.4
—0.6
~0.8
1
T> nu: =1 ;o onu_f = 4+1*1;
> nu_eff := 1/tau_eff(nu, nu_f);
>pl = plot(Re(c2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1
col or=red):
p2 := plot(ImMc2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1

col or =green) :
plb := plot(Re(exp(-tau*nu_eff)), tau=0..5, ‘C(tau)'=-1..1

color=red, |inestyle=3):

p2b := plot(lImexp(-tau*nu_eff)), tau=0..5, ‘C(tau)'=-1..1
col or=green, linestyle=3):

plc : = plot(Re(exp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..1

col or =bl ack, |inestyle=2):




p2c := plot(lnmexp(-tau*nu)),

tau=0..5, ‘C(tau)‘=-1..1,

col or=bl ue, |inestyle=2):
> pl ot s[display]({pl, p2, plc, p2c, plb, p2b});
vi=1
nu f:=4+1

nu_eff :=.7172886681 — .1139253599 |

C(tau)

—0.2
—0.4
—0.6

—0.8

(> nu:=1; nu_f := 4+4*];
nu_eff := 1/tau_eff(nu, nu_f);
> pl = plot(Re(c2(tau, nu,nu_f)),
col or=red):

p2 plot(lmc2(tau,nu,nu_f)),

tau

tau=0..5, ‘C(tau)‘=-1..1,

tau=0..5, ‘C(tau)‘=-1..1



col or=green):
plb := plot(Re(exp(-tau*nu_eff)), tau=0..5, ‘C(tau)‘'=-1..

color=red, linestyle=3):

p2b := plot (I mMexp(-tau*nu_eff)), tau=0..5, ‘C(tau)’=-1..
col or=green, |inestyle=3):

plc := plot(Re(exp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..
col or=bl ack, linestyle=2):

p2c := plot(lmexp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..
col or=bl ue, linestyle=2):

> pl ot s[display] ({pl, p2, plc, p2c, plb, p2b});
vi=1
nu f:=4+41|

nu_eff :=.9031749120 - .3664760420 |



C(tau)

0.2 tau
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"> nui=l; nu_f ;= 4+16*1;
> nu_eff := 1/tau_eff(nu, nu_f);
>pl = plot(Re(c2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1
col or=red):
p2 = plot(Imc2(tau, nu,nu_f)), tau=0..5, ‘C(tau)'=-1..1

col or =green) :
plb := plot(Re(exp(-tau*nu_eff)), tau=0..5, ‘C(tau)'=-1..1

color=red, |inestyle=3):

p2b := plot(lImexp(-tau*nu_eff)), tau=0..5, ‘C(tau)'=-1..1
col or=green, linestyle=3):

plc : = plot(Re(exp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..1

col or =bl ack, |inestyle=2):




p2c

col or =bl ue,

= plot (I mexp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..1,

i nestyl e=2):
> pl ot s[display]({pl, p2, plc, p2c, plb, p2b});
vi=1
nuf:=4+161

C(tau)

p2

nu_eff := 1480416812 — .3575997221 |

0.2 tau
—0.4
—0.6
—0.8
1
r>nui=l; nuf ;= 1+1%1;
> nu_eff := 1/tau_eff(nu, nu_f);
>pl := plot(Re(c2(tau, nu,nu_f)), tau=0..5, ‘C(tau)’'=-1..1,
col or=red):

plot(lmc2(tau,nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1,



col or=green):
plb := plot(Re(exp(-tau*nu_eff)), tau=0..5, ‘C(tau)‘'=-1..

color=red, linestyle=3):

p2b := plot (I mMexp(-tau*nu_eff)), tau=0..5, ‘C(tau)’=-1..
col or=green, |inestyle=3):

plc := plot(Re(exp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..
col or=bl ack, linestyle=2):

p2c := plot(lmexp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..
col or=bl ue, linestyle=2):

> pl ot s[display] ({pl, p2, plc, p2c, plb, p2b});
vi=1
nu f:=1+I

nu_eff :=.5000000000 - .5000000000 |
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(> nu:=1; nu f := 1+4*|;
> nu_eff := 1/tau_eff(nu, nu_f);
>pl = plot(Re(c2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1
col or=red):
p2 := plot(ImMc2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1
col or =green) :
plb := plot(Re(exp(-tau*nu_eff)), tau=0..5, ‘C(tau)‘=-1..1

color=red, |inestyle=3):

p2b := plot(lImexp(-tau*nu_eff)), tau=0..5, ‘C(tau)'=-1..1
col or=green, linestyle=3):

plc : = plot(Re(exp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..1

col or =bl ack, |inestyle=2):




p2c := plot(lmexp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..1

col or=bl ue, |inestyle=2):
> pl ot s[display]({pl, p2, plc, p2c, plb, p2b});
vi=1
nuf:=1+41

nu_eff := 1.449489743 — 2.000000000 |

C(tau)

—0.4

—0.6

—0.8

1

(> nu =l nu_f := 1+16*1;
> nu_eff := 1/tau_eff(nu, nu_f);

> pl := plot(Re(c2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1,

col or=red):

p2 plot(lmc2(tau,nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1,




col or=green):
plb := plot(Re(exp(-tau*nu_eff)), tau=0..5, ‘C(tau)‘'=-1..

color=red, linestyle=3):

p2b := plot (I mMexp(-tau*nu_eff)), tau=0..5, ‘C(tau)’=-1..
col or=green, |inestyle=3):

plc := plot(Re(exp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..
col or=bl ack, linestyle=2):

p2c := plot(lmexp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..
col or=bl ue, linestyle=2):

> pl ot s[display] ({pl, p2, plc, p2c, plb, p2b});
vi=1
nu f:=1+161

nu_eff := 7.124038406 — 8.000000000 |



C(tau)

—0.6

—0.8

"> # Look in a frame of notion where nu eff is real:

nu: =1+8*1 ; nu_ f := 1+8*I;

nu_eff := 1/tau_eff(nu, nu_f);

pl := plot(Re(c2(tau,nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1
col or=red):

p2 = plot(lmc2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1

col or =green):
plb := plot(Re(exp(-tau*nu_eff)), tau=0..5, ‘C(tau)'=-1..1

color=red, linestyle=3):
p2b := plot (I mexp(-tau*nu_eff)), tau=0..5, ‘C(tau)‘=-1..1
col or=green, |inestyle=3):

plc : = plot(Re(exp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..1




col or =bl ack, |inestyle=2):

p2c := plot(lmexp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..1,
col or=bl ue, linestyle=2):

pl ot s[ di spl ay] ({p1, p2, plc, p2c, plb, p2b});

v:=1+8I
nuf:=1+8I
nu_eff := 7.124038405

C(tau)

P
T T I N 7 = " 7
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T> nui=1 ] nu_f := 0.25+0. 25*I;
> nu_eff := 1/tau_eff(nu, nu_f);
>pl :=plot(Re(c2(tau,nu,nu_f)), tau=0..15, ‘C(tau)‘=-1..1,




col or=red):
p2 := plot(Imc2(tau, nu, nu_f)), tau=0..15, ‘C(tau)‘=-1..
col or =gr een) :
plb : = plot(Re(exp(-tau*nu_eff)), tau=0..15, ‘C(tau)‘=-1..
color=red, |inestyle=3):
p2b := plot(lmexp(-tau*nu_eff)), tau=0..15, ‘C(tau)‘=-1..

col or=green, linestyle=3):

plc := plot(Re(exp(-tau*nu)), tau=0..15, ‘C(tau)‘=-1..
col or =bl ack, |inestyle=2):

p2c := plot(lmexp(-tau*nu)), tau=0..15, ‘C(tau)‘=-1..
col or=bl ue, linestyle=2):

> plots[display] ({pl, p2, plc, p2c, plb, p2b});
vi=1
nu_f:=.25+.251

nu_eff :=.1793221671 — .2215186601 |



C(tau)

~0.41

—0.6

~0.8

1

C> nui=1 ] nu_f := 0.25+;
> nu_eff := 1/tau_eff(nu, nu_f);

>pl = plot(Re(c2(tau, nu,nu_f)), tau=0..15, ‘C(tau)‘=-1..1

col or=red):
p2 := plot(ImMc2(tau, nu,nu_f)), tau=0..15, ‘C(tau)‘=-1..1

col or =green) :
plb := plot(Re(exp(-tau*nu_eff)), tau=0..15, ‘C(tau)‘=-1..1

color=red, |inestyle=3):

p2b := plot(Imexp(-tau*nu_eff)), tau=0..15, ‘C(tau)‘=-1..1,
col or=green, linestyle=3):

plc : = plot(Re(exp(-tau*nu)), tau=0..15, ‘C(tau)‘=-1..1

col or =bl ack, |inestyle=2):




p2c := plot(lmexp(-tau*nu)), tau=0..15, ‘C(tau)‘=-1..1,
col or=bl ue, |inestyle=2):
> pl ot s[display]({pl, p2, plc, p2c, plb, p2b});

vi=1

nu f:=.25+1.1
nu_eff :=.2257937283 — .9083809897 |

C(tau)

—0.6
~0.8
1
C> nui=1 ] nu_f := 0.25+4*1;
> nu_eff := 1/tau_eff(nu, nu_f);
>pl = plot(Re(c2(tau, nu,nu_f)), tau=0..15, ‘C(tau)‘=-1..1,

col or=red):
p2 := plot(lmc2(tau, nu,nu_f)), tau=0..15, ‘C(tau)‘=-1..1,




col or=green):
plb : = plot(Re(exp(-tau*nu_eff)), tau=0..15, ‘C(tau)’=-1..

color=red, linestyle=3):

p2b := plot(Imexp(-tau*nu_eff)), tau=0..15, ‘C(tau)‘=-1..
col or=green, |inestyle=3):

plc := plot(Re(exp(-tau*nu)), tau=0..15, ‘C(tau)‘=-1..
col or=bl ack, linestyle=2):

p2c := plot(lmexp(-tau*nu)), tau=0..15, ‘C(tau)‘=-1..
col or=bl ue, linestyle=2):

> pl ot s[display] ({pl, p2, plc, p2c, plb, p2b});
vi=1
nu f:=.25+4.1

nu_eff :=.3701042027 — 3.910600069 |



C(tau)

"> nu:=1+0*1 : nu f := 0.01000001-20*| :

> nu_eff := 1/tau_eff(nu, nu_f);

>pl = plot(Re(c2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1
col or=red):
p2 := plot(ImMc2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1

col or =green):
plb := plot(Re(exp(-tau*nu_eff)), tau=0..5, ‘C(tau)'=-1..1

color=red, |inestyle=3):

p2b := plot(lImexp(-tau*nu_eff)), tau=0..5, ‘C(tau)'=-1..1
col or=green, linestyle=3):

plc : = plot(Re(exp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..1

col or=bl ack, linestyle=2):




p2c := plot(lmexp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..1,
col or=bl ue, |inestyle=2):
> plots[display] ({pl, plb, plc});
pl ot s[ di spl ay] ({p2, p2b, p2c});
vi=1
nu_f :=.01000001 - 20. |
nu_eff :=.01020098180 + 19.99997965 |
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r> nu:=1+20*1 ; nu_f := 0.01000001-0*| :

> nu_eff := 1/tau_eff(nu, nu_f);

>pl :=plot(Re(c2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1,
col or=red):
p2 :=plot(ImMc2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1,

col or =green):
plb := plot(Re(exp(-tau*nu_eff)), tau=0..5, ‘C(tau)’'=-1..1,

color=red, |inestyle=3):

p2b := plot(Imexp(-tau*nu_eff)), tau=0..5, ‘C(tau)‘'=-1..1,
col or=green, linestyle=3):

plc : = plot(Re(exp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..1,

col or=bl ack, linestyle=2):




-1..1

‘C(tau)

t au=0. . 5,
plc});

2):
pl ot s[ di spl ay] ({p2, p2b, p2c});

pl ot (I mexp(-tau*nu)),
linestyle

col or =bl ue,
> pl ot s[display] ({pl, plb,

p2c :

v:i=1+20I
nu f:=.01000001

nu_eff :=.01020098180 +.00002035721948 |




C(tau)

pl
p2
plb
p2b
plc

p2c

084
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(> nu:=1; nu_f := 1+16*1 ;nu_eff :=
.= plot(Re(c2(tau, nu,nu_f)),
col or=red):

= plot (I m(c2(tau, nu,nu_f)),
col or =gr een) :

= plot(Re(exp(-tau*nu_eff)),
color=red, linestyle=3):

= plot (I mexp(-tau*nu_eff)),
col or=green, |inestyle=3):

.= pl ot (Re(exp(-tau*nu)),

col or =bl ack, |inestyle=2):

= plot (I mexp(-tau*nu)),

t au=0. .
t au=0. .

t au=0. .

t au=0. .
t au=0. .

t au=0. .

3,

35,

1/tau_eff(nu,nu_f);

‘C(tau)‘=-1..
‘“C(tau)‘=-1..
‘C(tau)’ =-1..
‘C(tau)‘=-1..
‘“C(tau)‘=-1..

“C(tau)‘ =-1..



col or=bl ue, linestyle=2):
pl ot s[di spl ay] ({p1, plb, plc});
pl ot s[ di spl ay] ({p2, p2b, p2c});

vi=1
nu f:=1+161
nu_eff := 7.124038406 — 8.000000000 |

C(tau)
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col or=bl ack, linestyle=2):

"> # Redo in frame where wave is stationary (nu_eff is real):

nu: =1+8*1 ; nu_f := 1+8*1 ;nu_eff := 1/tau_eff(nu,nu_f);

pl := plot(Re(c2(tau,nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1
col or=red):

p2 := plot(ImMc2(tau, nu,nu_f)), tau=0..5, ‘C(tau)‘=-1..1
col or =green):

plb := plot(Re(exp(-tau*nu_eff)), tau=0..5, ‘C(tau)‘=-1..1
color=red, |inestyle=3):

p2b := plot(lImexp(-tau*nu_eff)), tau=0..5, ‘C(tau)'=-1..1
col or=green, linestyle=3):

plc : = plot(Re(exp(-tau*nu)), tau=0..5, ‘C(tau)‘=-1..1



p2c := plot(lmexp(-tau*nu)), tau=0. .5,
col or=bl ue, |inestyle=2):

pl ot s[ di spl ay] ({p1, plb, plc});

pl ot s[ di spl ay] ({p2, p2b, p2c});

v:=1+8I
nu f:=1+8I
nu_eff := 7.124038405

C(tau)

‘C(tau)‘=-1..1,

o
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"> # Explore a few plot options:

pl ot setup(defaul t);
pl := plot(exp(-tau),tau=0..4, ‘C =-1..1, thickness=2,

col or=bl ack, adaptive=fal se, nunpoi nts=5, style=point, synbol =box,
synbol si ze=20):

p2 := plot(exp(-tau),tau=0..4, *‘C =-1..1, thickness=0,

i nestyl e=2, col or=bl ack):

pl ot s[display] ({pl,p2});




0.8-
0.6-
0.4-

0.2-

-
—~—
——

~0.2 -
—0.4 -
—0.6 -

~0.8 -




Thisfinal section generatesall of the plots (in encapsulated
postscript files) that appear in the paper.

> nkrplot := proc(nu, nu_f, nu_f_|ab, tmax, pfile)
| ocal pl, p2, plb, p2b, plc, p2c, plcp, p2cp, pr_|abel,
pi | abel, nu_eff;

description "Make a Re plot for a single set of paranmeters”;

nu eff := 1/tau_eff(nu, nu_f);
pl := plot(Re(c2(tau,nu,nu_f)), tau=0..tmax, ‘C=-1..1,
| abel s=[*"*,"*], thickness=4, col or='black"):
p2 := plot(Imc2(tau, nu,nu_f)), tau=0..tmax, ‘C=-1..1,
| abel s=[*‘," ‘], thickness=4, color="'black'):
plb : = pIot(Re(exp( tau*nu eff)) tau=0..tmax, ‘C =-1..1,
| abels=["*," "], linestyle=4, thickness=3, color="'black"):
p2b : = pIot(In(exp( tau*nu_eff)), tau=0..tmax, ‘C =-1..1,
| abels=["*,""], linestyle=4, thickness=3, col or="'black"):
plc : = pIot(Re(exp(-tau*nu)), tau=0..tmax, ‘C =-1..1,
labels=["*,“"], linestyle=3, thickness=2, col or="'black"):
p2c : = plot(ln(exp( t au* nu)) tau=0..tmax, ‘C=-1..1,
| abels=["*,""], linestyle=3, thickness=2, col or='black"):
plcp := plot(Re(exp(-tau*nu)), tau=0..tmax, ‘C =-1..1,
| abel s=[*‘," ‘], nunpoints=6, style=point, synbol =box,
synbol si ze=20, adaptive=fal se, thickness=2, color='black’):
p2cp := plot (I mexp(-tau*nu)), tau=0..tmax, ‘C=-1..1,
| abels=[**,""], nunpoints=6, style=point, synbol =box,
synbol si ze=20, adaptive=fal se, thickness=2, color="'black’):
pr_label := PLOT(TEXT([5,-0.2], t-t"", FONT( HELVETI CA, BOLD, 14)),
TEXT([-0.2,0.9], Re C(t,t") “, ALI GNABOVE,

ALl GNLEFT, FONT( HELVETI CA, BOLD, 14)),
CURVES([ [ 0. 6%t max, - 0. 6], [ 0. 8*t max, - 0. 6] ], THI CKNESS( 4) ),

TEXT([ 0. 82*t max, - 0. 6], ‘ exact"
ALI GNRI GHT, FONT( HELVETI CA, BOLD, 14)),
CURVES([[O. 6*tmax, -0.7],[0.8*tmax, -0.7]], TH CKNESS( 3),
LI NESTYLE(4)),
TEXT([ 0. 82*t max, - 0. 7], ‘ nodel * ,
ALI GNRI GHT, FONT( HELVETI CA, BOLD, 14)),
CURVES([[ 0. 6*tmax, -0.8],[0.8*tnmax, -0.8]], TH CKNESS( 2),
LI NESTYLE(3)),
PO NTS([ 0. 7*t max, - 0. 8], SYNBG_( BOX 20)),
TEXT([ 0. 82*t max, - 0. 8], :



ALl GNRI GHT, FONT( HELVETI CA, BOLD, 14)),

TEXT([ 0. 65*t max, -0.91], ‘ h*, ALI GNRI GHT,
FONT( SYMBOL, 14)),

TEXT([ 0. 68*t max, -0.93],‘f‘, ALI G\NRI GHT,
FONT( HELVETI CA, 12)),

TEXT([ 0. 7*tmax, - 0. 9], nu_f | ab, ALI GNRI GHT,
FONT( HELVETI CA, 14)),

VIEW-0.5..tmax,-1..1)):

pi | abel := PLOT(TEXT([5,-0.2], t-t’"‘, FONT( HELVETI CA, BOLD, 14)),
TEXT([-0.2,0.9], ImC(t,t") * . ALl GNABOVE,

ALl GNLEFT, FONT(HELVETI CA, BOLD, 14)),
CURVES([ [ 0. 6*t max, - 0. 6], [ 0. 8*t max, - 0. 6] ], THI CKNESS(4) ),

TEXT([ 0. 82*t max, - 0. 6], ‘ exact ",
ALl GNRI GHT, FONT( HELVETI CA, BOLD, 14)),
CURVES([[O. 6*tmax, -0.7],[0.8*tmax, -0.7]], TH CKNESS( 3),
LI NESTYLE(4)),
TEXT([ 0. 82*t max, - 0. 7], ‘ nodel * ,
ALI GNRI GHT, FONT( HELVETI CA, BOLD, 14)),
CURVES([[ 0. 6*tmax, -0.8],[0.8*tnmax, -0.8]], TH CKNESS( 2),
LI NESTYLE(3)),
PO NTS([ 0. 7*t max, - 0. 8], SYMBOL( BOX, 20)),
TEXT([ 0. 82*t max, - 0. 8], * wn*,
ALl GNRI GHT, FONT( HELVETI CA, BOLD, 14)),
TEXT([ 0. 65*t max, - 0. 91], * h*, ALl G\RI GHT,
FONT( SYMBOL, 14)),
TEXT([ 0. 68*tmax, -0.93],‘f*, ALI GNRI GHT,
FONT( HELVETI CA, 12)),
TEXT([O. 7*tmax, -0. 9], nu_f | ab, ALI GNRI GHT,
FONT( HELVETI CA, 14)),
VIEW-0.5..tmax,-1..1)):

pl ot set up( ps, pl ot out put =pfil e, pl ot opti ons=' portrait,w dt h=5.0i n, he
i ght =5. 0i n, nobor der*);
pl ot s[ di spl ay] ({pl, plb, plc, plcp, pr_Ilabel});

end;
mkrplot := proc(v, nu_f, nu_f_lab, tmax, pfile)
local pl, p2, plb, p2b, plc, p2c, plcp, p2cp, pr_label, pi_label, nu_eff;
description "Make a Re plot for asingle set of parameters”;
nu_eff := 1/ tau_eff(v, nu_f);
pl :=plot(CJ(c2(t, v, nu_f)), t=0..tmax, C=-1.. 1, labels=["*, **], thickness=4,
color = black);
p2 := plot(CJ(c2(t, v, nu_f)), t=0..tmax, C=-1.. 1, labels=[‘*, **], thickness=4,
color = black);



plb = plot(d(exp(-tlhu_eff)), T=0..tmax, C=-1.. 1, labels=["*, ‘], linestyle=4,
thickness= 3, color = black);

p2b := plot(J(exp(-tlhu_eff)), 1=0..tmax, C=-1.. 1, labels=["*, *‘], linestyle=4,
thickness= 3, color = black);

plc = plot(d(exp(-tV)), T=0..tmax, C=-1.. 1, labels=[**, **], linestyle= 3, thickness=2,
color = black);

p2c = plot(C(exp(-tv)), t=0..tmax, C=-1.. 1, labels=["*, *‘], linestyle= 3, thickness= 2,
color = black);

plcp := plot(CJ(exp(=t¥)), t=0.. tmax, C=-1.. 1, labels=["*, **], numpoints = 6,
style= point, symbol = box, symbolsize =20, adaptive = false, thickness= 2, color = black)

p2cp := plot(C(exp(—t¥)), T=0.. tmax, C=-1.. 1, labels=["", *‘], numpoints = 6,
style = point, symbol = box, symbolsize= 20, adaptive = false, thickness= 2, color = black)

pr_label := PLOT(TEXT([5, -.2], ‘t-t"*, FONT(HELVETICA, BOLD, 14)), TEXT([-.2, .9],
‘ReC(t,t') *, ALIGNABOVE, ALIGNLEFT, FONT(HELVETICA, BOLD, 14)),
CURVES([[.6tmax, -.6], [.8tmax, -.6]], THICKNESS(4)),

TEXT([.82tmax, -.6], exact, ALIGNRIGHT, FONT(HELVETICA, BOLD, 14)),
CURVES([[.6tmax, -.7], [.8max, -.7]], THICKNESS(3), LINESTY LE(4)),
TEXT([.82tmax, -.7], model, ALIGNRIGHT, FONT(HELVETICA, BOLD, 14)),
CURVES([[.6tmax, -.8], [.8tmax, -.8]], THICKNESS(2), LINESTY LE(3)),
POINTS([.7(tmax, -.8], SYMBOL (BOX, 20)),

TEXT([.82tmax, -.8], wn, ALIGNRIGHT, FONT(HELVETICA, BOLD, 14)),
TEXT([.65tmax, -.91], h, ALIGNRIGHT, FONT(SYMBOL, 14)),
TEXT([.68tmax, -.93], f, ALIGNRIGHT, FONT(HELVETICA, 12)),
TEXT([.70max, -.9], nu_f_lab, ALIGNRIGHT, FONT(HELVETICA, 14)),
VIEW(-5.. tmax, -1.. 1));

pi_label := PLOT(TEXT([5, -.2], ‘t-t'*, FONT(HELVETICA, BOLD, 14)), TEXT([-.2, .9],
‘ImC(t,t') *, ALIGNABOVE, ALIGNLEFT, FONT(HELVETICA, BOLD, 14)),
CURVES([[.6tmax, -.6], [.8tmax, -.6]], THICKNESS(4)),

TEXT([.82tmax, -.6], exact, ALIGNRIGHT, FONT(HELVETICA, BOLD, 14)),
CURVES([[.60tmax, -.7], [.8max, -.7]], THICKNESS(3), LINESTY LE(4)),
TEXT([.82tmax, -.7], model, ALIGNRIGHT, FONT(HELVETICA, BOLD, 14)),
CURVES([[.6tmax, -.8], [.8tmax, -.8]], THICKNESS(2), LINESTY LE(3)),
POINTS([.7(tmax, -.8], SYMBOL(BOX, 20)),

TEXT([.82tmax, -.8], wn, ALIGNRIGHT, FONT(HELVETICA, BOLD, 14)),



TEXT([.65dmax, -.91], h, ALIGNRIGHT, FONT(SYMBOL, 14)),

TEXT([.68dmax, -.93], f, ALIGNRIGHT, FONT(HELVETICA, 12)),

TEXT([.70max, -.9], nu_f_lab, ALIGNRIGHT, FONT(HELVETICA, 14)),

VIEW(-.5.. tmax, -1.. 1)),
plotsetup(ps plotoutput = pfile, plotoptions = ‘ portrait,width="5.0in,height=5.0in,noborder);
plotg display]({ plb, pr_label, plcp, plc, pl})

| end proc
> nkiplot := proc(nu, nu_f, nu_f_lab, tmax, pfile) local pl, p2,
plb, p2b, plc, p2c, plcp, p2cp, pr_label, pi_label, nu_eff;

description "Make an Implot for a single set of paranmeters”;

# nkiplot is identical to nkrplot, except for the last |ine,
# because | can’t figure out how to get Maple to create anything
except

# the last plot right now

nu eff := 1/tau_eff(nu, nu_f);

pl = plot(Re(c2(tau, nu,nu_f)), tau=0..tmax, ‘C=-1..1,
| abel s=[**,“*], thickness=4, col or='black"):

p2 = plot(Imc2(tau, nu,nu_f)), tau=0..tmax, ‘'C=-1..1

| abel s=[*"*,“*], thickness=4, col or='black"):

plb : = pIot(Re(exp( tau*nu eff)) tau=0..tmax, ‘C =-1..1,
[ abels=[*"*,"*], linestyle=4, thickness=3, col or=' bl ack’

p2b : = plot(ln(exp( tau*nu_eff)), tau=0..tmax, ‘C =-1..1,
| abels=[*"*,""], linestyle=4, thickness=3, col or=' bl ack®

plc : = pIot(Re(exp(-tau*nu)), tau=0..tmax, ‘C =-1..1,
| abels=["*," "], linestyle=3, thickness=2, col or="bl ack®

p2c : = plot(ln(exp( tau*nu)), tau=0..tmax, ‘C=-1..1,
| abels=[*"*,"*], linestyle=3, thickness=2, col or=' bl ack’
plcp : = plot(Re(exp(-tau*nu)), tau=0..tmax, ‘'C=-1..1,
| abel s=[*‘," ‘], nunpoints=6, style=point, synbol =box,
synbol si ze=20, adaptive=fal se, thickness=2, color='black'):
p2cp := plot (I mexp(-tau*nu)), tau=0..tmax, ‘C =-1..1,
| abels=[**, "], nunpoints=6, style=point, synbol =box,

synbol si ze=20, adapti ve=fal se,

pr_|ab

el

PLOT( TEXT([5, - 0. 2], *
TEXT([-0.2,0.9], "

Re C(t,t’)

t_tii’

ALI GNLEFT, FONT(HELVETI CA, BOLD, 14)),
CURVES([ [ 0. 6*t max, - 0. 6], [ 0. 8*t max, - 0. 6] |, THI CKNESS( 4) ),

TEXT([ 0. 82*t max, - 0. 6] ,

t hi ckness=2,

‘exact’,

col or=' bl ack*):

FONT( HELVETI CA, BOLD, 14)),
“, ALl GNABOVE,



ALl GNRI GHT, FONT( HELVETI CA, BOLD, 14)),
CURVES([[O. 6*tmax, -0.7],[0.8*tmax, -0.7]], TH CKNESS( 3),
LI NESTYLE(4)),
TEXT([ 0. 82*t max, - 0. 7], ‘ nodel *,
ALl GNRI GHT, FONT( HELVETI CA, BOLD, 14)),
CURVES([[O. 6*tmax, -0.8],[0.8*tnmax, -0. 8] ], TH CKNESS( 2) ,
LI NESTYLE(3)),
PO NTS([ 0. 7*t max, - 0. 8], SYMBCL(BOX, 20)),
TEXT([ 0. 82*t max, -0. 8], ‘' wn',
ALl GNRI GHT, FONT( HELVETI CA, BOLD, 14)),
TEXT([ 0. 65*t max, - 0. 91], * h*, ALl G\RI GHT,
FONT( SYMBOL, 14)),
TEXT([ 0. 68*tmax, -0.93],f', ALIG\NRI GHT,
FONT( HELVETI CA, 12)),
TEXT([ 0. 7*tmax, - 0. 9], nu_f _| ab, ALI GNRI GHT,
FONT( HELVETI CA, 14)),
VIEW-0.5. . tmax, -1..1)):

pi | abel := PLOT(TEXT([5,-0.2], t-t’*, FONT( HELVETI CA BOLD, 14)),
TEXT([-0.2,0.9],  ImC(t,t") *, ALl GNABOVE,

ALI GNLEFT, FONT( HELVETI CA, BOLD, 14)),
CURVES([ [ 0. 6*t max, - 0. 6], [ 0. 8*t max, - 0. 6] ], THI CKNESS(4) ),

TEXT([ 0. 82*t max, - 0. 6], * exact
ALl GNRI GHT, FONT( HELVETI CA, BOLD, 14)),
CURVES([[ 0. 6*tmax, -0.7],[0.8*tmax, -0. 7] ], TH CKNESS( 3),
LI NESTYLE(4)),
TEXT([ 0. 82*t max, - 0. 7], ‘ nodel *,
ALI GNRI GHT, FONT( HELVETI CA, BOLD, 14)),
CURVES([[O. 6*t max, -0.8],[0.8*t max, - 0. 8]], TH CKNESS( 2),
LI NESTYLE(3)),
PO NTS([ 0. 7*t max, - 0. 8], SYMBCL(BOX, 20)),
TEXT([ 0. 82*t max, - 0. 8], ‘wn',
ALI GNRI GHT, FONT( HELVETI CA, BOLD, 14) ),
TEXT([ 0. 65*t max, - 0. 91], ‘ h*, ALI G\RI GHT,
FONT( SYMBOL, 14)),
TEXT([ 0. 68*t max, -0.93],‘f‘, ALI GNRI GHT,
FONT( HELVETI CA, 12)),
TEXT([O0. 7*tmax, -0. 9], nu_f | ab, ALI GNRI GHT,
FONT( HELVETI CA, 14)),
VIEW-0.5. . tmax, -1..1)):

pl ot set up( ps, pl ot out put =pfil e, pl ot opti ons=' portrait,w dt h=5.0in, he
i ght =5. 0i n, nobor der*);
pl ot s[di spl ay] ({p2, p2b, p2c, p2cp, pi_I|abel});

end;
mkiplot := proc(v, nu_f, nu_f_lab, tmax, pfile)
local p1, p2, plb, p2b, plc, p2c, plcp, p2cp, pr_label, pi_label, nu_eff;



description "Make an Im plot for asingle set of parameters’;

nu_eff := 1/ tau_eff(v, nu_f);

pl :=plot(CJ(c2(t, v, nu_f)), t=0..tmax, C=-1.. 1, labels=[‘*, **], thickness=4,
color = black);

p2 := plot(CJ(c2(t, v, nu_f)), t=0..tmax, C=-1.. 1, labels=[‘*, **], thickness=4,
color = black);

plb := plot(d(exp(-tlhu_eff)), T=0..tmax, C=-1.. 1, labels=["*, ‘], linestyle=4,
thickness= 3, color = black);

p2b := plot(J(exp(-tlhu_eff)), 1=0..tmax, C=-1.. 1, labels=["*, *‘], linestyle=4,
thickness= 3, color = black);

plc = plot(d(exp(-tV)), T=0..tmax, C=-1.. 1, labels=[**, **], linestyle= 3, thickness=2,
color = black);

p2c = plot(C(exp(-tv)), t=0..tmax, C=-1.. 1, labels=["*, *‘], linestyle= 3, thickness= 2,
color = black);

plcp := plot(CJ(exp(-t¥)), t=0.. tmax, C=-1.. 1, labels=["*, **], numpoints = 6,
style= point, symbol = box, symbolsize =20, adaptive = false, thickness= 2, color = black)

p2cp := plot(C(exp(—t¥)), T=0.. tmax, C=-1.. 1, labels=["", *‘], numpoints = 6,
style = point, symbol = box, symbolsize= 20, adaptive = false, thickness= 2, color = black)

pr_label := PLOT(TEXT([5, -.2], ‘t-t"*, FONT(HELVETICA, BOLD, 14)), TEXT([-.2, .9],
‘ReC(t,t') *, ALIGNABOVE, ALIGNLEFT, FONT(HELVETICA, BOLD, 14)),
CURVES([[.6tmax, -.6], [.8tmax, -.6]], THICKNESS(4)),

TEXT([.82tmax, -.6], exact, ALIGNRIGHT, FONT(HELVETICA, BOLD, 14)),
CURVES([[.60tmax, -.7], [.8tmax, -.7]], THICKNESS(3), LINESTY LE(4)),
TEXT([.82tmax, -.7], model, ALIGNRIGHT, FONT(HELVETICA, BOLD, 14)),
CURVES([[.6tmax, -.8], [.8tmax, -.8]], THICKNESS(2), LINESTY LE(3)),
POINTS([.7(tmax, -.8], SYMBOL(BOX, 20)),

TEXT([.82tmax, -.8], wn, ALIGNRIGHT, FONT(HELVETICA, BOLD, 14)),
TEXT([.65tmax, -.91], h, ALIGNRIGHT, FONT(SYMBOL, 14)),
TEXT([.68tmax, -.93], f, ALIGNRIGHT, FONT(HELVETICA, 12)),
TEXT([.70max, -.9], nu_f_lab, ALIGNRIGHT, FONT(HELVETICA, 14)),
VIEW(-5.. tmax, -1.. 1));

pi_label := PLOT(TEXT([5, -.2], ‘t-t'*, FONT(HELVETICA, BOLD, 14)), TEXT([-.2, .9],
‘ImC(t,t) *, ALIGNABOVE, ALIGNLEFT, FONT(HELVETICA, BOLD, 14)),
CURVES([[.6tmax, -.6], [.8tmax, -.6]], THICKNESS(4)),



TEXT([.82tmax, -.6], exact, ALIGNRIGHT, FONT(HELVETICA, BOLD, 14)),
CURVES([[.6tmax, -.7], [.8max, -.7]], THICKNESS(3), LINESTY LE(4)),
TEXT([.82tmax, -.7], model, ALIGNRIGHT, FONT(HELVETICA, BOLD, 14)),
CURVES([[.6tmax, -.8], [.8tmax, -.8]], THICKNESS(2), LINESTY LE(3)),
POINTS([.7(tmax, -.8], SYMBOL(BOX, 20)),

TEXT([.82tmax, -.8], wn, ALIGNRIGHT, FONT(HELVETICA, BOLD, 14)),
TEXT([.65tmax, -.91], h, ALIGNRIGHT, FONT(SYMBOL, 14)),
TEXT([.68tmax, -.93], f, ALIGNRIGHT, FONT(HELVETICA, 12)),
TEXT([.70max, -.9], nu_f_lab, ALIGNRIGHT, FONT(HELVETICA, 14)),

VIEW(-.5.. tmax,

-1.1);

plotsetup(ps plotoutput = pfile, plotoptions = ‘ portrait,width="5.0in,height=5.0in,noborder);
plotg display]({ p2, pi_label, p2cp, p2b, p2c})

| end proc
[ > nkrplot(1+0*1, 4.
nki pl ot (1+0*1, 4.

> # Avoid a slight

nkr pl ot (1+0*1, 1.
nki pl ot (1+0*1, 1
nkrpl ot (1+0*1, O.
nki pl ot (1+0*1, O
> nkrplot(1+0*1, O
nki pl ot (1+0*1, O
nkrpl ot (1+0*1, 1
nmki pl ot (1+0*1, 1
nkrpl ot (1+0*1, 1
nki pl ot (1+0*1, 1.
nmkr pl ot (1+0*1, 1.
nmki pl ot (1+0*1, 1.
> nkrpl ot (1+0*1, 4.
nki pl ot (1+0*1, 4.

nu_effd(1.0,1.0);

tau _eff(1.0,1.0);

.0-1,
.0-1,

0-0*1,
0-0*1I,

probl em
0000001-

. 0000001-

25-0*1,

. 25-0%1,

. 25-17*4,
. 25-1%*4,

e
0
0

"= 4", 5, "cnr4000. ps");

4", 5, "cni 4000. ps");

xactly at nu_f=1:

*I, "= 1", 5, "cnr1000. ps");

*I, "= 1", 5, "cni 1000. ps");

= 0.25", 15, "cnr0200. ps");

= 0. 25", 15, "cni 0200. ps");
=0.25- 41", 5 "cnr0204.ps");
=0.25- 41", 5 "cni0204.ps");

- i", 5, "cnrl1l001. ps");

- i", 5, "cnil001. ps");

1- 41", 5 "cnrl1004. ps");

1 - 41", 5 "cnil004.ps");
=1- 161", 5 "cnrl016.ps");
=1-161i", 5, "cnil1l016.ps");
=4 - 161", 5, "cnr4016. ps");
=4 - 161", 5, "cni4016.ps");

4142135625 - 0.

2414213562 + 0. |






